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Abstract: Topological groups, particularly, Lie groups are very important in differential 
geometry, analytic mechanics and theoretical physics. Applying Smarandache multi-spaces, 
topological spaces, particularly, manifolds and groups were generalized to combinatorial man- 
ifolds and multi-groups underlying a combinatorial structure in references. Then whether can 
we generalize their combination, 1.e., topological group or Lie group to a multiple one? The 
answer is YES. In this paper, we show how to generalize topological groups and the homo- 
morphism theorem for topological groups to multiple ones. By applying the classification 


theorem of topological fields, the topological multi-fields are classified in this paper. 
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§1. Introduction 


In the reference [9], we formally introduced the conceptions of Smarandachely systems and 


combinatorial systems as follows: 


Definition 1.1 A rule in a mathematical system (X;R) is said to be Smarandachely denied if 
it behaves in at least two different ways within the same set %, t.e., validated and invalided, or 
only invalided but in multiple distinct ways. 

A Smarandache system (X;R) is a mathematical system which has at least one Smaran- 
dachely denied rule in R. 


Definition 1.2 For an integer m > 2, let (41; R1), (Ho; Re), +++, (2m; Rm) be m mathematical 


systems different two by two. A Smarandache multi-space is a pair (=; R) with 


Definition 1.3 A combinatorial system GG is a union of mathematical systems (41; R1),(%2; Ra), 


+++, (mj Rm) for an integer m, i.e., 
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m m 


6c = (Ls U Rs) 


i=1 i=1 
with an underlying connected graph structure G, where 
V(G) = {21, ya, cae scum 
E(G) = { (2,85) | Bi 2; 40,1 < 4,7 < mh. 


These notions enable us to establish combinatorial theory on geometry, particularly, com- 
binatorial differential geometry in [8], also those of combinatorial theory for other sciences [7], 
for example, algebra systems, etc.. 

By definition, a topological group is nothing but the combination of a group associated with 
a topological space structure, i.e., an algebraic system (#;0) with conditions following hold 


({16]): 


(i) (#;0) is a group; 
(it) # is a topological space; 
(iii) the mapping (a,b) — ao b~! is continuous for Va,b € #, 


Application of topological group, particularly, Lie groups shows its importance to differential 
geometry, analytic mechanics, theoretical physics and other sciences. Whence, it is valuable to 
generalize topological groups to a multiple one by algebraic multi-systems. 


Definition 1.4 A topological multi-group (.%Gg;C@) is an algebraic multi-system (oa; @) with 
A = U 4 and GC = U {oi} with conditions following hold: 
i=1 i=1 


i= 
(i) (#4;0;) is a group for each integer i, 1<i<m, namely, (7, @) is a multi-group; 
(it) A isa combinatorially topological space Yq, t.e., a combinatorial topological space 
underlying a structure G; 
(iii) the mapping (a,b) > aob7! is continuous for Va,b € H, Yo € O;, 1 <i<m. 


A combinatorial Euclidean space is a combinatorial system @@ of Euclidean spaces R”', 
R™,---, R™™ with an underlying structure G, denoted by é@(n1,--+ ,%m) and abbreviated to 
éa(r) ifn, =-+-- =n» =r. It is obvious that a topological multi-group is a topological group 
if m = 1 in Definition 1.4. Examples following show the existence of topological multi-groups. 


Example 1.1 Let R™,1 < i < m be Euclidean spaces with an additive operation +; and 
scalar multiplication - determined by 


(Ar + @1,A2 + @2,°°° Ani Bn) +: (C1 - Yt, G2 - Yay-e- Gai -Yn;) 
= (A121 +1 yt, A2 + a+ C2 Yost Any Eni + Gri * Yi) 


for VA, G. € R, where 1 < A1,¢, < n;. Then each R™ is a continuous group under +;. Whence, 
the algebraic multi-system (6¢(n1,--- , Mm); @) is a topological multi-group with a underlying 
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m 
structure G by definition, where G = (J {+,}. Particularly, ifm = 1, ie., an n-dimensional 


t=1 
Euclidean space R” with the vector additive + and multiplication - is a topological group. 


Example 1.2 Notice that there is function k: Mynx» > R” from real n x n-matrices My xn 
to R determined by 


Q11 Gin 

; a2. c"° a2n 

Ke 7 Git ttt Atny*** Ani ***) Aanxn 
an fae anxn 


Denoted all n x n-matrices by M(n,R). Then the general linear group of degree n is defined 
by 


GL(n,R) = { M € M(n,R) | detM £0}, 


where detM is the determinant of M. It can be shown that GL(n, R) is a topological group. 
In fact, since the function det : Mnxn — R is continuous, det~'R \ {0} is open in R”, and 
hence an open subset of R”, 

We show the mappings ¢ : GL(n,R x GL(n,R)) — GL(n,R) and ~ : GL(n,R) 
GL(n,R) determined by ¢(a,b) = ab and y)(a) = a" are both continuous for a,b € GL(n, R). 
Let a = (@i;)nxn and b = (bij)nxn € M(n,R). By definition, we know that 


ab = ((ab)ij) = (D> ainbay). 
k=1 


Whence, ¢(a, b) = ab is continuous. Similarly, let Y(a) = (Wi; )nxn. Then we know that 


* 
going 
vig deta 
is continuous, where aj; is the cofactor of a;; in the determinant deta. Therefore, GL(n, R) is 


a 


a topological group. 


Now for integers 21, 72,°-+ ,%m > 1, let 6&¢(GIn,,--- ,GLn,,) be a multi-group consisting 
of GL(n1,R), GL(n2,R), ---, GL(nm, R) underlying a combinatorial structure G. Then it is 
itself a combinatorial space. Whence, 6¢(GIn,,--+ ,GLin,,) is a topological multi-group. 


Conversely, a combinatorial space of topological groups is indeed a topological multi-group 
by definition. This means that there are innumerable such multi-groups. 


§2. Topological multi-subgroups 


A topological space S is homogenous if for Va, b € S', there exists a continuous mapping f : S > 
S such that f(b) = a. We have a simple characteristic following. 


Theorem 2.1 If a topological multi-group (Yq; @) is arcwise connected and associative, then 


it 1s homogenous. 
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Proof Notice that %@ is arcwise connected if and only if its underlying graph G is con- 
nected. For Va,b € -%g, without loss of generality, assume a € “ and b € # and 


P(a,b) = HQ» He, 6 >0, 


a path from “ to # in the graph G. Choose cy € HANH, C2 © FAN, ++, Cs €§ HANH. 
Then 


@ 09 Cy O71 a Og C2 03 CZ 04 ++ * Os—] cc 0, b-} 
is well-defined and 


= = =3 
09 Cy 01 Cy Og C2 03 C3 04 +++ 05-1 CF 10, b 1 Og b =a. 


Let L = aog cj 04 Ge 09 Cg 03 C3 04 +++ Og es o,b-1o,. Then L is continuous by the definition 


of topological multi-group. We finally get a continuous mapping L : .%g@ — -%q@ such that 
L(b) = Lb =a. Whence, (-%g; @) is homogenous. 


Corollary 6.4.1 A topological group is homogenous if it is arcwise connected. 


A multi-subsystem (47; O) of (.%G; @) is called a topological multi-subgroup if it itself is a 
topological multi-group. Denoted by Yy < “Gg. A criterion on topological multi-subgroups is 
shown in the following. 


Theorem 2.2 A multi-subsystem (YxH;O1) ts a topological multi-subgroup of (%aq;C), where 
O, CO if and only if it is a multi-subgroup of (%a;@) in algebra. 


Proof The necessity is obvious. For the sufficiency, we only need to prove that for any 
operation o € O,, aob~! is continuous in Zz. Notice that the condition (iii) in the definition 
of topological multi-group can be replaced by: 


for any neighborhood Ny,(a0b~') of ao b+ in Sq, there always exist neighborhoods 
Ny,(a) and Ny,(b-') of a and b-} such that Ny,(a) 0 N¥(b7!) C Ny¥,(a0b7!), where 
N¥q(@) 0 Nyg(b*) = {voylWa € Nx(a),y € Nx (b*)} 
by the definition of mapping continuity. Whence, we only need to show that for any neighbor- 
hood Ny, (roy!) in “y, where x,y € Yx and o € Oyj, there exist neighborhoods Ny,, (x) and 
Ny, (y~') such that Ny, (x)o Ny¥,(y~!) C Nv, (xoy7!) in Yy. In fact, each neighborhood 


1 can be represented by a form Ny,(x 0 y~') A Yx. By assumption, 


Ng,(toy') of roy 
(.%c; @) is a topological multi-group, we know that there are neighborhoods N.v, (x), N.v.(y~*) 
of x and y~/ in .% such that N.y,(x)oNy¥,(y~1) C Ny¥,(xoy'). Notice that Ny, (2) La, 
Nyo(y~') A Ly are neighborhoods of x and y~! in Yy. Now let Ny, (x) = Nv, (x) Lu 
and Ny, (y~') = Nv(y-!)N Ly. Then we get that Ny, (x2) o Nv, (y~!) C Nv, (xo y7?) 


1 


in Yy, ie., the mapping (x,y) — x0 y~* is continuous. Whence, (.4747;O1) is a topological 


multi-subgroup. 


Particularly, for the topological groups, we know the following consequence. 


Corollary 2.2 A subset of a topological group (T;0) is a topological subgroup if and only if tt 


is a subgroup of (T;0) in algebra. 
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§3. Homomorphism theorem on topological multi-subgroups 


For two topological multi-groups (.%¢, ; G1) and (.%¢,; @2), amapping w : (.%G,; G1) — (.%e,3 G2) 
is a homomorphism if it satisfies the following conditions: 

(1) w is a homomorphism from multi-groups (.%¢,; @1) to (%c,; G2), namely, for Va,b € 
Sq, and o € Oy, w(ao b) = w(a)w(0o)w(b); 

(2) w is a continuous mapping from topological spaces .%G, to %G,, ie., for Vx € Ye, and 


a neighborhood U of w(x), w~1(U) is a neighborhood of «. 

Furthermore, if w : (%@,;@1) — (-%G,; @2) is an isomorphism in algebra and a home- 
omorphism in topology, then it is called an isomorphism, particularly, an automorphism if 
(%a,; 01) = (-%an; G2) between topological multi-groups (.%¢,; G1) and (.%g,; @2). 

Let (Wc; @) be an associatively topological multi-subgroup and (2x; O) one of its topo- 
logical multi-subgroups with .%g = U, Hi, Ly = Vii, G and 6 = U {o;}. In [8], we have 


know the following results on Henemersnians of multi-systems ésliews ae 


Lemma 3.1((8]) Let (#%,O) be an associative multi-operation system with a unit 1, for Vo € O 
and Y C #. 


(i) IfY is closed for operations in O and forVaEG,oe€ oy there exists an inverse element 
a,+ in (Y;0), then there is a representation pair (R, P) such that the quotient set F \nB) is 
a partition of ZH, i.e., for a,b € H,V%01, 02 € O, (a0, Y)N (bY) =O ora GY =boGY. 


(ii) For Vo € O, define an operation o on Fn) by 


(a0, Y) 0 (bog FY) = (aod). 
Then (Fl inp:0) is an associative multi-operation system. Particularly, if there is a repre- 
sentation pair (R,P) such that for o’ © P, any element in R has an inverse in (7; 0"), then 
(Flin_y) is @ group. 
Lemma 3.2([8]) Letw be an onto homomorphism from associative systems (74; O1) to (44; O2) 
with (I(O2);O2) an algebraic system with unit 1,- for Yow € Oz and inverse x~' for Va € 


(Z (Oz) in (LZ L(O2);0 o~). Then there are representation pairs (R,,P,) and (Ry, P2), where 
P, = O, Pp G Oo such that 


(26501) | ae (96502) | - 
(Kerw;O,) %") ~— (£(Oz2); 2) 


if each element of Kerw has an inverse in (74;0°) foroe Oy. 


Whence, by Lemma 3.1, for any integer i, 1 <i < m, we get a quotient group 4/%, ie., 
a multi-subgroup (.%¢/LH;O) = U (7,/G;;0;) on algebraic multi-groups. 

Notice that for a topological ‘space S with an equivalent relation ~ and a projection 7 : 
S 3 S/ ~= {[2]|Vy € [2], y ~ x}, we can introduce a topology on S/ ~ by defining its opened 
sets to be subsets V in S/ ~ such that 7~1(V) is opened in S. Such topological space $/ ~ 
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is called a quotient space. Now define a relation in (Wg; @) by a ~ 6 for a,b € Yq providing 
b = hoa for an element h € Yy and an operation o € O. It is easily to know that such relation 
is an equivalence. Whence, we also get an induced quotient space .%¢/Lx. 


Theorem 3.1 Let w: (.%c,; G1) > (-%an; G2) be an opened onto homomorphism from associa- 
tively topological multi-groups (-%e,;@1) to (-%a,; G2), i.e., it maps an opened set to an opened 
set. Then there are representation pairs (Ri, P1) and (Ro, P2) such that 


(a3 1) eee: (Yay; O2) ree 
(Kerw; 61) P) ~ (£(G2); 02) (F2” 
where P1 C @\,P2 C G2, T(G2) = {10,0 € Go} and 


Kew = { a€ .%, | w(a) = 1, € Z(O2) }. 


Proof According to Lemma 3.2, we know that there are representation pairs (Ri, P1) and 
(Ra, P2) such that 


(7es5 01) | a (%a,; 02) | 7 
(Kerw; 0) PP) ~~ (£(O2); 02) M™) 


ea 


in algebra, where o(a 0 Kerw) = o(a) 0 Z(@2) in the proof of Lemma 3.2. We only need to 


1 


prove that o and o~—~ are continuous. 


On the First, for z = o(a)o~!Z(O@2) € gM aa.Be) let J be a neighborhood of o~!() 
in the space Fee Mn Bay where U is a union of ao Kerw for a in an opened set U and 


o € P,. Since w is opened, there is a neighborhood V of x such that w(U) D> V, which enables 
us to find that o}(V) c U. In fact, let yE V. Then there exists y €U such that w(y) = ¥. 
Whence, o~1(¥) = yo Kerw € U. Therefore, o~! is continuous. 

On the other hand, let V be a neighborhood of o(2)o~!Z(@2) in the space a cna. s) 
for co Kerw. By the continuity of w, we know that there is a neighborhood U of x such that 
w(U) CV. Denoted by U the union of all sets zo Kerw for z € U. Then o(U) ¢ V because 
of w(U) Cc V. Whence, o is also continuous. Combining the continuity of o and its inverse 
a+, we know that o is also a homeomorphism from topological spaces ae lea) to 


(%ay5@2) | 7 
(Z(Oo);O2) !(R2,P2)° 


Corollary 3.1 Let w: (.%;C) — (@;0) be a onto homomorphism from a topological multi- 
group (.%G;@) to a topological group (@;0). Then there are representation pairs (R, P), Pco 
such that 


SLa,0 
we lind = (@;0). 


(Kerw; oO 


Particularly, if C = {e}, te, (A%a;e) is a topological group, then 


%q/Kerw = (W;0). 
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§4. Topological multi-fields 


Definition 4.1 A distributive multi-system (A: 0; — 62) with A= U 4, = Uti} and 
i=1 i=1 


Or = U {+i} ts called a topological multi-ring if 
i=1 


(i) (Hi; +i,-:) is a ring for each integeri, 1<i<m, ie. (#, 0; @2) is a multi-ring; 

(it) A isa combinatorially topological space 4g; 

(iii) the mappings (a,b) > a+; b-1, (a,b) = a+; (—ib) are continuous for Va,b € %, 
L<i<m. 


Denoted by (.%g; @; — @2) a topological multi-ring. A topological multi-ring (.%c; G1 
Gy) is called a topological divisible multi-ring or multi-field if the previous condition (7) is 
replaced by (#;+:,+;) is a divisible ring or field for each integer 1 <i < m. Particularly, 
if m = 1, then a topological multi-ring, divisible multi-ring or multi-field is nothing but a 
topological ring, divisible ring or field. Some examples of topological fields are presented in the 


following. 


Example 4.1 A 1-dimensional Euclidean space R is a topological field since R is itself a field 
under operations additive + and multiplication x. 


Example 4.2 A 2-dimensional Euclidean space R? is isomorphic to a topological field since 
for V(x,y) € R?, it can be endowed with a unique complex number x + iy, where 7? = —1. It 
is well-known that all complex numbers form a field. 


Example 4.3 A 4-dimensional Euclidean space R* is isomorphic to a topological field since for 
each point (a, y, z,w) € R+, it can be endowed with a unique quaternion number x+iy+jz+kw, 


where 


ij=—ji=k, jk=—kj =i, ki=—ik =J, 


and 
= Pak =—1. 
We know all such quaternion numbers form a field. 


For topological fields, we have known a classification theorem following. 


Lemma 4.1({12]) A locally compacted topological field is isomorphic to one of the following: 


(i) Euclidean real line R, the real number field; 
(ii) Euclidean plane R?, the complex number field; 


(iii) Euclidean space R*, the quaternion number field. 


Applying Lemma 4.1 and the definition of combinatorial Euclidean space, we can determine 
these topological multi-fields underlying any connected graph G following. 
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Theorem 4.1 For any connected graph G, a locally compacted topological multi-field (Ag; 0, 


OQ) is isomorphic to one of the following: 


(i) Euclidean space R, R? or R* endowed respectively with the real, complex or quaternion 
number for each point if |G| = 1; 

(it) combinatorially Euclidean space GG(2,--- ,2,4,---,4) with coupling number, i.e., the 
dimensional number l,; = 1,2 or 3 of an edge (R',R’) € E(G) only if i = j = 4, otherwise 
ly =1 if |G| > 2. 


Proof By the definition of topological multi-field (%¢; @, — @2), for an integer i, 1 < 
i <m, (4;4:,-:) is itself a locally compacted topological field. Whence, (%c¢;@1 —@ @2) 
is a topologically combinatorial multi-field consisting of locally compacted topological fields. 
According to Lemma 4.1, we know there must be 


(HG; +i, i) = R, R’, or R* 


for each integer i, 1 < i < m. Let the coordinate system of R,R?,R* be 2, (y1,y2) and 
(z1, 22, 23, 24). If |G] = 1, then it is just the classifying in Theorem 6.4.4. Now let |G| > 2. For 
V(R’, R’) € E(G), we know that R’\R/ 4 0 and R/\R’ ¥ 0) by the definition of combinatorial 
space. Whence, 7,7 = 2 or 4. If? = 2 or j = 2, then 1,; = 1 because of 1 <1;; < 2, which means 


l,j; > 2 only if7 = 7 =4. This completes the proof. 
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